QUADRATIC INEQUALITIES

I i‘or linear inequalities such as
n+42>7,

the Basic Principle of Inequalities (If you
multiply or divide by a negative number,
switch the inequality sign) is sufficient. But
other types of inequalities are best solved by
a technique called the Boundary Point Method. This
will help us solve inequalities such as

x2 —3x—-10 > 0.

O THE BOUNDARY POINT METHOD
1) Change the inequality to an equation and solve the equation.
2) The solutions of that equation are called the boundary points.

3) Plot the boundary points on the real line. This will create one or
more intervals on the line.

4) Now choose a test point from each interval (any convenient
number in the interval) and plug it into the original inequality.
If the test point satisfies the inequality, then the entire interval
in which the test point lies is a part of the solution of the
inequality. If the test point does not satisfy the inequality, then
the associated interval is not part of the solution.

5) Lastly, check the boundary points themselves in the inequality.
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O SoLVING QUADRATIC INEQUALITIES

EXAMPLE 1. Solve for x: x2-38x-10 > 0

Solution: We will solve this kind of problem using the
Boundary Point Method (there are other ways). First we find the
boundary points:

x?-8x-10 = 0 = x+2)(x-5) =0 = x=-2o0rx=35.

Now we mark these boundary points on a number line, and then
choose a test point in each interval to test in the original
inequality x?-38x-10 > 0:

6 ~ The test points are

The boundary points .4 | O
-4, 0, and 6.

|
are—2 and 5. _|2 |5

—4 ¢ (—0, -2) 0 c (-2, 5) 6 < (5, )

(-4)2 - 3(-4) - 10 = 16+ 12-10 = 18, which is > 0. Thus,
(—o0, —2) 1s part of the solution.

0% -3(0)-10 = 0-0—10 = —10, which is not > 0. So,
(-2, 5) is not part of the solution.

62 -3(6) - 10 = 36— 18— 10 = 8, which is > 0. Therefore,
(5, ) is part of the solution.

Last, you can check the boundary points yourself — they work in
the original inequality. Our final answer is the combination of

the left interval and the right interval:
The answer can also be written

(_007 - 2] U [5, OO)

{xeR | x<-20R x> 5}
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EXAMPLE 2: Solve for w: 9w - w? > 14

Solution:  Solve the associated equation: 9w — w? = 14.
Rearranging the terms and multiplying through by —1 gives the
equation w? - 9w+ 14 = 0, whose solutions are 2 and 7.

These two boundary points yield the three intervals to check:
(—o0, 2), (2, 7) and (7, ). Choose a test point (your choice) in each
Iinterval and substitute that test point into the original
inequality. You'll find that the only interval that works is the
center one: (2, 7).

Finally, check the boundary points themselves. They both work
in the original inequality. The final answer, then, is
{we R | 2<w<T7}, which we write as

2,7]

EXAMPLE 3: Solve fory: y%-12 > —dy

Solution:  To solve this inequality, convert it to an equation,
write it in standard quadratic form, factor, and you’ll find that
the boundary points are —6 and 2. Pick some test points and see
that the intervals (—o0, —6) and (2, ) work, but the interval (-6, 2)
doesn’t. Also, the boundary points themselves don’t work. The
final answer is therefore

(_OO’ - 6) U (2, OO)
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EXAMPLE 4. Solve for x: xZ+x+4 > 0

Solution: The associated equation is x? +x+4 = 0, which
won’t factor, so let’s use the quadratic formula:

—1+4J1% —4(1)(4) _ -1+J-15
2

2(1)

X =

There are no real solutions to this equation; therefore, there are
no boundary points, and so there is only one interval to check,
namely the entire real line, (—00, 00).

Choose any real number [that is, any number in the interval
(—o0, )], for instance, 2, as a test point, and plug it into the
original inequality: 224244 = 10, which is clearly > 0. Since
the test point worked, the interval in which the test point lies
must work; however, this interval was the entire real line.
Therefore, the solution to the inequality is the set of real
numbers

R

EXAMPLE 5: Solve for x: x2+6x+9 < 0

Solution:  Solving the associated equation, x2+6x+9 = 0, we
obtain one solution: x =-3. That produces two intervals: (-, —3)
and (-3, ). Pick a test point in each interval and you’ll discover
that both test points fail; even the boundary point x = -3 fails. In
other words, everything fails! The inequality has NO solution
at all. We can write this using the null set (empty set):

%)
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EXAMPLE 6. Solve for x: x2+6x+9 < 0

Solution:  Solving the associated equation gives us the same
boundary point as in the previous example. The two intervals
also fail, as in the previous example. BUT this time, if we check
the boundary point, x = -3, it works. So our final solution of the
inequality 1s

x=-3 [which can also be written {—3}]

Homework

Solve each quadratic inequality:

1. a®>-9a-10 > 0 2. 2% < 5-9%

3. x>4+9 < 6x 4, y2+10y+25 < 0
5. 22 > 12z-36 6. w?+1ldw+49 > 0
7. x2>9 8. 2x2-15x+7 <0
9. bHa-a® > 6 10. -3(3n%+8n) < 16
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O UsING DESMOS TO SOLVE QUADRATIC INEQUALITIES

You can use Desmos to solve these problems. For example, type
x%-6x+8 >0

and you’ll get the following graph:

1

Look at the two shaded regions. We see shading to the left of 2 and to
the right of 4. This means that the inequality is satisfied whenever x < 2
or x > 4, giving us a final answer of

(-2) U (4.9

Review
Problems

Solve each inequality:

11.

12.

13.

14.

20x—5)-92x+1) > 0

a. x2+Tx+12 <0 b. x%2-100 > 0
c. x2+10x+25 >0 d x*-6x+9 <0
e. 4x°—-12x+9 < 0 £ x> 9x-1

x2 - b5x > -4

x2 < 20x — 100
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Solutions

1. (—o,—1) U (10, ) 2. {-5,%} 3. O

4. {-5} 5. (-, 6) U (6, ); or R — {6}

6. R 7. (~o0,-3] U [3, %)

8. @7) 9. [2,3] 10. R

s (o

12. a. (-4,-3)  b. (-, —10] U [10, ) c. R-{-5}
d. {3 e. @ f. R

13. (-, 1] U [4, o) 14. @
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“A child

withoul education
is like a bird

without wings.”

y . ¢
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—Tibetan Proverb
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